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We explore the electromagnetic fields around a quasi-Kerr compact object assuming it is immersed
in an external asymptotically uniform magnetic field. Using the Wald method, components of the
electromagnetic field in orthonormal basis have been obtained. We explore the charged particle
motion around deformed Kerr compact objects in the presence of external asymptotically uniform
magnetic fields. Using the Hamilton-Jacobi equation, we obtain the effective potential expression
for the charged particle surrounding a quasi-Kerr compact object immersed in an external magnetic
field. It is also derived the dependence of innermost stable circular orbits (ISCOs) from the magnetic
and deformation parameters for charged particles motion around a rotating quasi-Kerr compact
object. Comparison with ISCO radius measurements has provided the constraint to the deformation
parameter as  & −0.012. The center of mass (CM) energy of the colliding particles in several
physically interesting cases has been studied.
I. INTRODUCTION
Astrophysical black holes are believed to be a Kerr
one, which has two parameters: its mass M and rotation
parameter a. However, there are many attempts to con-
struct extension of Kerr black holes introducing extra
parameters and parametrizations, see, for example, [1–
10]. The presence of nonvanishing electric charge in the
spacetime metric has been tested by different scenarios
in [11–17]. The properties of the black holes with brane
charge have been studied in [18–22]. Other extension of
the Kerr solution is the solution with gravitomagnetic
charge [2, 23–28]. Various works are dedicated to test
the axial symmetric metrics with the deformation pa-
rameters [29–37].
The authors of the Ref. [3] proposed the deviations
from the Kerr metric considering an approximate so-
lution of Einstein vacuum equations and introducing
the leading order deviation coming from the spacetime
quadrupole moment. Different physical properties of
these quasi-Kerr black holes have been studied in [38, 39].
Our recent work has been devoted to studying the weak
lensing near the compact object with nonzero quadrupole
momentum [40].
The magnetic field is very important in many astro-
physical scenarios related to compact objects. Rotating
neutron stars, having their own magnetic field, can be
observed as pulsars [41–44]. However, the black holes,
according to no-hair theorem, may not create their own
magnetic field [42, 45–47]. The accretion disc around
the rotating black holes can provide the magnetic field
in the vicinity of the latter. The properties of the elec-
tromagnetic field structure around rotating black holes
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immersed in the external magnetic field were first initi-
ated by Wald [48]. The dipolar magnetic field config-
uration around a black hole created by circular electric
current has been studied by Petterson [49]. After that the
properties of the electromagnetic field structure around
rotating black holes have been considered by various au-
thors. The role of the magnetic field through magnetic
Penrose process has been studied by [50–56]. The similar
scenarios in alternative/modified theories of gravity have
been studied in [28, 57–62]. The charged particle motion
around black holes immersed in external magnetic field
has been studied by various authors [63–71] .
In this work our main purpose is to study the elec-
tromagnetic field structure around rotating quasi-Kerr
black holes with nonvanishing quadrupole momentum.
The paper is organaized as follows: Sect. II is devoted
to study the electromagnetic field components around
quasi-Kerr compact objects immersed in external asymp-
totically uniform magnetic field. The charged particle
motion around the quasi-Kerr compact object is studied
in Sect. III in the presence of magnetic field. In Sect. IV
we analyze the particle acceleration process around a
compact object with nonzero quadrupole moment and in
the presence of magnetic field. In Sect. V, we summarize
the obtained results.
II. COMPACT OBJECT IMMERSED IN
MAGNETIC FIELD
The metric for quasi-Kerr compact object is given by
(for G = c = 1, and with metric signature (−+ ++)) [3]
ds2 = g00dt
2 +g11dr
2 +g22dθ
2 +g33dφ
2 +2g03dtdφ , (1)
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2where
g00 = −
(
1− 2Mr
Σ
)
+ (1− 3 cos2 θ)
×
(
F1(1− 2MrΣ )2
1− 2Mr
+
4a2F2M
2 sin2 θ
Σ2
)
,
g11 =
Σ
∆
+ 
F1(1− 2Mr )Σ2(1− 3 cos2 θ)
∆2
,
g22 = Σ− F2Σ
2(1− 3 cos2 θ)
r2
,
g33 =
(
r2 + a2 +
2a2Mr sin2 θ
Σ
)
sin2 θ
+ (1− 3 cos2 θ) sin2 θ
[
4a2F1M
2r2
(1− 2Mr )Σ2
−F2
r2
(
a2 + r2 +
2a2Mr sin2 θ
Σ
)2]
,
g03 = −2aMr
Σ
sin2 θ + (1− 3 cos2 θ) sin2 θ
×
[
2aF1Mr(1− 2MrΣ )
(1− 2Mr )Σ
+
2aF2M
rΣ
(a2 + r2 +
2a2Mr sin2 θ
Σ
)
]
, (2)
with Σ = r2 + a2 cos2 θ, ∆ = r2 − 2Mr + a2 and
F1 =
5(M − r) (2M2 + 6Mr − 3r2)
8Mr(r − 2M) (3)
−15r(r − 2M)
16M2
ln
(
r
r − 2M
)
,
F2 =
5
(
2M2 − 3Mr − 3r2)
8Mr
+
15
(
r2 − 2M2)
16M2
ln
(
r
r − 2M
)
, (4)
the constant  in the expression (2) indicates the small
contribution to the quadrupole moment Q of the compact
object with the total mass M as
Q = −M(a2 + M2) , (5)
where the deformation parameter  might take either pos-
itive  > 0 or negative  < 0 values [3, 40]. One can easily
see that the case when  = 0 the spacetime metric (1)–(4)
describes the spacetime of a Kerr black hole.
In order to find the vector potential of the electromag-
netic field in the vicinity of the compact object we will
follow the Wald method that assumes the black hole is
immersed in a uniform magnetic field [28, 48, 57, 62, 63].
Here we use the existence in this spacetime of a time-
like Killing vector, ξα(t) = ∂x
α/∂t, and a spacelike one,
ξα(φ) = ∂x
α/∂φ, which are responsible for the stationarity
and axial symmetry of the spacetime geometry (1)–(4)
which satisfies the Killing equations
ξα;β + ξβ;α = 0 , (6)
and according to the Wald method [48] the solution of
the vacuum Maxwell’s equations Aµ = 0 for the vector
potential Aµ of the electromagnetic field in the Lorentz
gauge can be written as
Aα = C1ξ
α
(t) + C2ξ
α
(ϕ) . (7)
The constant C2 = B/2, where the compact object is
immersed in the uniform magnetic field B that is aligned
along its rotating axis. The remaining constant C1 can be
found from the asymptotic properties of spacetime (1)–
(4) at infinity. Indeed in order to find the remaining
constant one can use the electrical neutrality of the com-
pact object Q∗ = 0 evaluating the value of the integral
through the spherical surface at the asymptotic infinity.
Then one can easily get the value of constant C1 = aB.
The contravariant components of the vector potential
Aµ of the electromagnetic field will take the following
form
A0 = aB , A1 = A2 = 0 , A3 =
1
2
B . (8)
Now one can easily find the covariant components of the
vector potential using Aµ = gµνA
ν for metric (1)–(4).
A0 = aB
{

(
1− 3 cos2 θ) [ F1r
r − 2M
(
2Mr
Σ
− 1
)2
− 4a
2F2M
2 sin2 θ
Σ2
]
+
2Mr
Σ
− 1
}
+
aBMr
Σ
sin2 θ
{

(
1− 3 cos2 θ) [F2R
r2Σ
− F1r
r − 2M
(
2Mr
Σ
− 1
)]
− 1
}
,
A1 = A2 = 0 , (9)
A3 =
2a2BMr sin2 θ
Σ
(
1− 3 cos2 θ){ [F2R
r2Σ
− F1r
r − 2M
(
2Mr
Σ
− 1
)]
− 1
}
+
1
2
B sin2 θ
{

(
1− 3 cos2 θ) [4a2M2r3F1 sin2 θ
(r − 2M) Σ2 −
F2R2
Σ2r2
]
+
R
Σ
}
,
3where R = 2a2Mr sin2 θ + (a2 + r2)Σ.
The components of the electromagnetic fields can be
found using following expressions in curved spacetime.
Eα = Fαβu
β , (10)
Bα =
1
2
ηαβσµFβσuµ , (11)
with
Fαβ = Aβ;α −Aα;β , (12)
where Fαβ , u
β and ηαβσµ are the electromagnetic field
tensor, the four velocity of the observer and the Levi-
Civita tensor, respectively.
In the ZAMO (zero angular momentum observer) sys-
tem the four velocity is defined as follows:
(uα)ZAMO =
(
− 1U , 0, 0, 0
)
(13)
(uα)ZAMO =
(
U , 0, 0,−2aMr
∆ΣU
)
(14)
with
U =
√
F1r (1− 3 cos2 θ)
r − 2M +
R
∆Σ
(15)
Finally, the orthonormal components of the electro-
magnetic field components read as
E rˆ = −aBMP1
2Σ2
√R +
aB
√R
4∆Σ2

2∆Σ
N2 + 2N3(1−3 cos2 θ)(r−2M)2
Σ3
− Mr sin
2 θ
(
N4 +
2N5
r3
)
R
+N1
 (16)
E θˆ =
aBMrP2
Σ2
√
∆R sin 2θ +
aB
4rΣ

√
R
∆
{
K1 +
K2 sin 2θ
Σ2(2M − r) −
2Mr2
R
[
K3 +
2(K4 sin 2θ +K5)
r2
]}
(17)
Brˆ =
BP3
2
√
QΣ
∆
sin 2θ + 
12B
√
Σ
∆
∆ (R4 sin 2θr2 +R5)√Q + P3 sin 2θ
(
R3√Q2r2Σ(2M−r) +R2
)
Σ
+R1
 (18)
Bθˆ =
BP4∆ sin2 θ
Σ
√
ΣQ + 
{
1
2
B
√
Σ sin2 θ
[
(2D2 +D3)
(
8a2Mr2 − P4
)
Σ2
+
D4 −D5√Qr3
]
−D1
}
(19)
where Q = (R− 2a2Mr − 2Mr3)R sin2 θ , and explicit
forms of functions Pi, i = 1..4 with Nj ,Kj , Rj and Dj ,
j = 1..5 are given in Appendix A.
In the case of the rotating quasi - Kerr compact object
one can obtain simplified expressions for the fields in the
linear or quadratic approximation O(a2/r2, ).
E rˆ =
aBM
r2
[
cos2 θ − 3 + 3M
2(1− 3 cos2 θ)
r2
]
, (20)
E θˆ =
aBM
r2
sin 2θ
[
2− 2M
r
− 3M
2
r2
+
3(a2 cos2 θ −M2)
r2
]
, (21)
Brˆ = B cos θ
[
1 +
a2
2r2
sin2 θ
−a
2M
2r3
(5 + 3 cos 2θ)− 3M
3
r3
sin2 θ
]
, (22)
Bθˆ = B sin θ
[
1− M
r
− M
2 + a2 cos2 θ
2r2
+
M
4r3
× {a2(9 + 5 cos 2θ)− 3M2(1 + 3 cos 2θ)− 2M2)} ].
(23)
It can be seen from the equations (20) and (21) that
in the linear approximation in  and a, electric field does
not have any contribution from . In the limit of flat
spacetime, i.e., for M/r → 0, expressions (16) - (19) give
E rˆ = E θˆ = 0, Brˆ = B cos θ, Bθˆ = B sin θ . (24)
As expected, expressions (24) coincide with the solutions
for the homogeneous magnetic field in the Newtonian
spacetime. This can be see from the plots of expressions
(16) - (19) in Fig.1. Indeed, we can see that for the large
distances the absolute values of the components of the
electric field tend to zero while the components of the
magnetic field tend to the corresponding values of sin θ
and cos θ for chosen angles θ as in (24), when B=1.
III. CHARGED PARTICLE MOTION AROUND
MAGNETIZED COMPACT OBJECT
In this section we will consider the equation of mo-
tion of charged particles in the background spacetime of
rotating compact object with the metric given in (1)–
(4). We are aimed at investigating the particle motion
in the spacetime of a quasi-Kerr compact object im-
mersed in a uniform magnetic field. In order to describe
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FIG. 1. The radial dependence of the electric and magnetic fields for different values of θ. In all graphics we set B = 1 and
M = 1 for simplicity. Black solid lines correspond to  = 0 while dashed orange ones and green dot-dashed ones to  = 0.5 and
 = −0.5, respectively.
the charged particle motion we use the Hamilton-Jacobi
equation which can be expressed as
gαβ
(
∂S
∂xα
− qAα
)(
∂S
∂xβ
− qAβ
)
= −m2 , (25)
where m and q are the mass and charge of the test par-
ticle, respectively.
Due to the existence of two Killing vectors ξα(t) and ξ
α
(φ)
the action of charged particle around the compact object
can be described as follows
S = −Et+ Lφ+ S1(r, θ) , (26)
where E and L are the energy and the angular momen-
tum of the charged particle, respectively. It is worth-
while to note that from the symmetry of the problem it
is clear that the circular orbits are possible in the equato-
rial plane and the magnetic field is also oriented toward
the spin of black hole being perpendicular to equatorial
plane at each point. Since we do not assume the force free
condition the magnetic field being perpendicular to the
equatorial plane will force the charged particle to move on
this plane (see for example [63, 65, 72, 73]). Substituting
the action (26) into the equation of motion of charged
particle (25) one can get the equation for unseparable
5part of the action. It is not possible to separate variables
in the general case. However, for the motion in equatorial
plane (θ = pi/2) the equation of motion maybe separable
in spacetimes having symmetries and one may proceed
the calculations for the equatorial motion (see [63]). In-
serting (26) to (25) and after making calculations in equa-
torial plane (θ = pi/2) one can easily find the equation for
the radial part of motion which corresponds to the radial
component of covariant 4-momentum of the charged par-
ticle (pr = ∂Sr/∂r). Radial contravariant component of
the momentum can be obtained multiplying the metric
(1) with covariant momentum. On the other hand,(
dr
dτ
)2
= f(r) = E2 − 1− 2V 2eff , (27)
where τ is the proper time of the test particle and V 2eff is
the square of the effective potential that can be written
as
V 2eff = V
2
(K) + V
2
(q) . (28)
The first term corresponds to the Kerr one and the sec-
ond indicates a small deviation taking place in quasi-Kerr
spacetime. Solving equations (25) and (27) we can obtain
the following expressions for each term
V 2(K) =
1
8r3
{
a4b2(2M − 3r) + 8a3bEr − 2a2
[
r
(
b
(
b
(
2M2 − 4Mr + r2)+ 2L)− 2)+ 2E2(2M + r)]
+8aE
[
br2(r − 2M) + 2LM
]
− 2b2Mr4 + b2r5 − 4bLr2(r − 2M) + 4L2(r − 2M)− 8Mr2
}
, (29)
V 2(q) =
5
128M2r7 (a2 + r(r − 2M))
{
r4
[
2M(M − r) (2M2 + 6Mr − 3r2)− 3r2(r − 2M)2 ln r
r − 2M
]
×
[
a4b2(3r − 2M)− 8a3bEr + 2a2 (r (b (b (2M2 − 4Mr + r2)+ 2L)− 2)+ 2E2(2M + r))
.− 8aE (br3 − 2br2M + 2LM)+ r2[ (b2r2 + 4) (2M − r) + 4E2r]+ 4bLr2(r − 2M) + L2(8M − 4r)]
− 1
(r − 2M)2
[
a2 + r2 − 2Mr]2 [(r − 2M)2 [2M (2M2 − 3Mr − 3r2)+ 3r (r2 − 2M2) ln r
r − 2M
]
×
[
a2b(r − 2M) + br3 + 2Lr
][
b(a2r − 2a2M + r3)− 2Lr
]
+ 4r3
[
3r2(r − 2M)2 ln r
r − 2M
−2M(M − r) (2M2 + 6Mr − 3r2) ](abr − abM + Er)(abr − abM − Er)]} ,
where we have introduced new notations E = E/m and
L = L/m and dimensionless magnetic parameter b =
qB/m which characterizes the cyclotron frequency of the
charged particle.
In Fig. 2 the radial dependence of the effective poten-
tial for different values of the magnetic and deformation
parameters is shown. It is worth to note that, points
where the lines turn correspond to ISCO of the charged
test particle.
Now we consider circular orbits, especially the inner-
most stable circular orbit for the charged test particle in
the spacetime of a quasi-Kerr compact object using the
following conditions
f(r) = 0 , (30)
f ′(r) = 0 , (31)
f ′′(r) = 0 . (32)
By solving equations (30), (31), and (32) all together one
can find numerical values of the magnitudes for the en-
ergy, the angular momentum and the radius of ISCO of
the charged particle orbiting around a quasi-Kerr com-
pact object immersed in an asymptotically uniform ex-
ternal magnetic field. Obtained results are shown in Ta-
ble I and Table II. It is apparent from the tables that,
increasing the value of the deformation parameter  and
the external magnetic field strength will reduce the ISCO
radius. It is worth to note that as  = 0, the results co-
incide with the results for the Kerr compact object as
expected. One can obtain the approximated analytical
expression for the ISCO radius of the charged particle
moving around quasi-Kerr compact object immersed in
an external uniform magnetic field in the absence of rota-
tion and in the linear approximation of deviation param-
eter  with quadratic term of magnetic field parameter b
6a.
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FIG. 2. The radial dependence of the effective potential of radial motion of charged particle around rotating quasi-Kerr compact
object in equatorial plane. The figures correspond to the case of slowly rotating compact object with a = 0.5. a. without
external magnetic field and b. in the presence of external magnetic field when  = 0.005.
TABLE I. ISCO radius of the particles moving around the
rotating quasi-Kerr compact object (case of b = 0).
 -0.006 -0.003 0 0.003 0.006
a = 0 6.0063 6.0032 6.0 5.9968 5.9936
a = 0.5 4.2515 4.2423 4.233 4.224 4.2141
a = 0.7 3.4430 3.4189 3.3931 3.3655 3.3355
a = 0.8 3.0287 2.9754 2.9066 2.7964 2.7551
TABLE II. ISCO radius of the particles moving around the
rotating quasi-Kerr compact object (case of a = 0.5).
 -0.006 -0.003 0 0.003 0.006
b = 0 4.2515 4.2423 4.233 4.2236 4.2141
b = 0.05 4.0567 4.0483 4.0399 4.0313 4.0226
b = 0.2 3.3061 3.29798 3.2897 3.2812 3.2725
b = 0.5 2.7418 2.7294 2.7162 2.7018 2.6860
(for the case M = 1)
rISCO ≈ 6−
[
1440 log(3/2)− 9325
16
]
 (33)
−18[24 + 5 {805− 1971 log(3/2)} ]b2 .
It should be mentioned that in the TAB. I the extremal
case when a ≈ 1 is not included. It is because in the
extreme case the ISCO calculated would be in the regions
close to the event horizon of black hole where the quasi-
Kerr metric diverges at the positions requiring to take
into account terms of orderO(2) (see [4]). Consequently
in the linear approximation of the metric (1) we skip the
extreme case limiting ourselves with the results obtained
above.
IV. PARTICLE COLLISIONS IN THE VICINITY
OF A COMPACT OBJECT
It is well known that supermassive black holes an-
chored in the most galaxies and observed as active galac-
tic nuclei are one of the most powerful source of energy
emission in the Universe. There are different mechanisms
as Blandford-Znajek and Penrose processes allowing to
extract energy from a rotating black hole (see [50, 74–
77])). In [78] it has also been shown that center of mass
energy of two colliding particles around a rotating black
hole increases exponentially in the near regions allowing
to extract some part of the rotational energy of a black
hole. Consequently particles collision can be considered
as one of the important phenomena in the studying black
hole energetics and we devote this section to the investi-
gation of particle collision in the black hole environment.
Here we study some simple cases of the collisional pro-
cesses of test particles that could well represent the role
of the deviation parameter and the external magnetic
field added to the gravitational field of the quasi-Kerr
compact objects.
A. Collisions of neutral particles with opposite
angular momentum
In this subsection we calculate the central mass en-
ergy of two colliding neutral particles falling from infinity
with zero initial velocity and opposite angular momen-
tum L1 = −L2 = L. For simplicity we assume that the
particles are moving on the equatorial plane (θ = pi/2)
and have the same initial rest energy (E1,2 = m) at in-
finity. Under such assumptions the 4-velocities of the
particles read
7uti = −gtt + gtφ
Li
m
,
uφi = −gtφ + gφφ
Li
m
, (34)
uθi = 0 ,
and uri can be found from the condition gαβ u
α
i u
β
i = −1
with i = 1, 2.
The CM energy of the system of test particles can be
found from the relation E2CM = −gαβ pαtot pβtot. The
square of the CM energy then reads
E2CM = −m2gαβ(uα1 + uα2 )(uβ1 + uβ2 )
= 2m2(1− gαβuα1uβ2 ) . (35)
or
E2CM
2m2
=
2a2(M + r) + L2(r − 2M) + 2r2(r −M)−Z
a2r + r2(r − 2M) (36)
+ 
−2a2M [F1r3 + F2L2(2M − r)]+ F1r3 [L2(r − 2M)− 2Mr2 + Z]+ F2L2(r − 2M) [L2(2M − r) + 2Mr2 + Z]
r2Z(r − 2M) ,
where Z =
√[
2M ((a− L)2 + r2)− L2r
][
2M ((a+ L)2 + r2)− L2r
]
.
When one assumes such particles to collide at the turn-
ing point which is given by the following condition
ur(rt,L) = 0 , (37)
the specific angular momentum of colliding particles as a
function of the turning point radius reads
L(rt) =
√
2G − 2aMr3t
r3t (rt − 2M)
+
G [−2√2a2F2Mr3t (2M + rt) + 8aF2GM +√2r5t (2M − rt)(2F2M − F1rt)]
4Mr8t (rt − 2M)2
, (38)
with G =
√
Mr7t [a
2 + rt(r − 2M)].
The behavior of the CM energy E2CM/2m
2 as a func-
tion of the radius rt is illustrated in Fig. 3. It is apparent
from the graph that in the absence of the deviation pa-
rameter,  = 0, the CM energy of the particles goes up
exponentially near to the compact object as in the case of
Kerr one, whereas, in the presence of some deviation one
can see significant differences in the shape of lines and
can conclude that increasing of the deviation parameter
reduces the CM energy of the particles.
B. Collision of charged particles on circular orbits
with radially falling neutral ones
In this subsection we focus on the collision of two par-
ticles where the first particle is charged and orbiting on a
circular orbit around the compact object and the second
one is electrically neutral and falling from infinity. To
make our calculations easy to solve we set the following
assumptions:
(i) both particles have the same rest mass (m1 = m2 =
m);
(ii) rotation is absent (a = 0);
(iii) particles are moving on the same plane;
(iv) the neutral particle is falling radially from infinity.
The four velocity of the neutral particle that is falling
from infinity reads
ut2 = −gtt ,
ur2 =
√
grr(−1− gtt) , (39)
uθ2 = u
φ
2 = 0 .
The four velocity of the charged particle moving on cir-
cular orbit can be found using conditions (30) and (31)
ut1 = −gttE(r, b, ) ,
ur1 = u
θ
1 = 0 , (40)
uφ1 = g
φφL(r, b, ) ,
where E(r, b, ) and L(r, b, ) represent the energy and the
angular momentum of the charged particle and they are
derived solving equations(30) and (31).
The radial dependence of the CM energy can be ob-
tained using the expression (35). In Fig. 4 it is shown
how the CM energy of the two colliding particles behaves
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FIG. 3. The radial dependence of the CM energy of the col-
liding neutral particles for the different values of the deviation
parameter . The rotation parameter is taken a = 0.5.
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FIG. 4. The radial dependence of the CM energy of the collid-
ing charged particle on the circular orbit with radially falling
neutral one for the different values of the deviation parameter.
The graph is plotted in the presence of the external uniform
magnetic field with b = 0.25.
in the presence of an external uniform magnetic field and
deviation parameter.
It might be quite interesting to study the center of
mass energy of the colliding particles in the case when
the first particle, which assumed to be charged rotating
at innermost stable circular orbit around compact quasi-
Kerr object, is immersed in an external uniform magnetic
field. Results obtained by using numerical calculus are
presented in Tab. III. It can be seen from the table that
for the constant magnetic parameter the increase of de-
viation parameter  increases the center of mass energy
of the colliding particles as well which might seem a bit
confusing since we saw that (see figures 3 and 4) the
increase of that parameter should reduce the center of
mass energy. But it becomes clear when one remembers
that the increase of  reduces the ISCO radius and in
the nearer regions the center of mass energy of particles
rises exponentially outweighing the effect of the former
TABLE III. Center of mass energy (more clearly E2cm/2m
2)
of the two colliding particles at ISCO radius of the rotating
charged particle .
 -0.2 -0.1 0 0.1 0.2
b = 0 4.7922 4.8093 4.8284 4.8498 4.8742
b = 0.05 4.7782 4.7946 4.8131 4.834 4.858
b = 0.2 5.0914 5.1196 5.1518 5.1893 5.2336
b = 0.5 5.5333 5.6001 5.678 5.7646 5.8261
b = 103 98.1725
b = 104 305.953
b = 105 963.123
one. Similar to the case of extreme rotation of a compact
object one can deal with the magnitudes of the magnetic
parameter b which do not lead the ISCO radius to be very
close to the regions of event horizon where the quasi-Kerr
space-time metric does not behave well. From the Tab. II
it is easy to see that the increase of the magnetic param-
eter reduces the ISCO radius which indicates that for the
high values of parameter b one could obtain ISCO radius
in the region being very close to the event horizon which
restricts the usage of the linear approximation on small
parameter . However one can explore the case when the
deviation parameter is absent  = 0 as presented in the
last three rows of the Tab. III which shows that for high
values of magnetic parameter the center of mass energy
becomes extremely large [65].
From this section one can conclude that increase of
the deviation parameter does not accelerate particles
but slows them down, which has an opposite character
to the magnetic field. The effects of the quasi-Kerr
term of the metric become stronger in the near regions
of the compact object while in the higher distances
it behaves as a traditional Kerr black hole. This
might play an important role for example when one at-
tempts to identify if the object is a Kerr black hole or not.
V. CONCLUSION
In the present paper, we have investigated the explicit
forms of the components of electromagnetic fields around
a quasi-Kerr compact object immersed in an asymptoti-
cally uniform magnetic field. We have also investigated
the motion of a charged test particle orbiting around a
quasi-Kerr compact object immersed in an asymptoti-
cally uniform magnetic field. The main results obtained
in this paper can be summarized as follows.
We have obtained the exact analytic expressions for
the electromagnetic field components around a quasi-
Kerr compact object immersed in an external magnetic
field. It was shown that at large distances the absolute
values of the components of the electric field tend to zero
while the components of the magnetic field tend to the
corresponding values of sin θ and cos θ for chosen angles
9θ.
We analyzed the equation of motion of the charged
particle motion around a quasi-Kerr compact object in
a magnetic field. The analysis of the circular orbits of
charged particles showed that, increasing the value of the
deformation parameter  and the external magnetic field
B will reduce the ISCO radius. It is worth to note that
as  = 0, the results coincide with the results for a Kerr
black hole as expected.
The measurements of the ISCO radius in accretion
disks around compact objects can be used to obtain the
constraint on the values of the deformation parameter .
Observable properties of the accretion disc around black
hole can be modeled using the spacetime metric and X-
ray observation could give information about spacetime
parameters, particularly if one compares with Kerr space-
time, one can get estimation of spin parameter [79–82].
Comparison of the X-ray observations with the space-
time metric of alternative/modified theories gravity has
been used to get constraint parameters of the spacetime
metric [37, 83]. In this paper we have obtained numer-
ical results on ISCO around quasi-Kerr compact object
which can be used to get rough constraint on  param-
eter: using the error bar in the observation we can get
rough constraint on the  parameter. In [37] the au-
thors obtained an estimation for the spin parameter of
selected X-ray sources with the confident of 90%. Tak-
ing into account that the observation of the ISCO radius
will give maximum limit for errors of the measurements
as 10% for the typical X-ray sources with the spin pa-
rameter estimated as a/M = 0.8 ± 0.0008 one can use
this accuracy to get rough constraints on . Since the
ISCO radius decreases with an increase of the  parame-
ter, one may get rough estimation as  & −0.012. Note
that a more detailed constraint on parameter  can be
obtained, e.g. using the continuum fitting method (see,
e.g.[37, 79, 80, 83] for the method review). The results
of the study the particles collision show that an increase
of the deviation parameter does not accelerate particles
but slows them down which has an opposite character to
the magnetic field. The effects of the quasi-Kerr term
of the metric become stronger in the near regions of the
compact object while in the higher distances it behaves
as a traditional Kerr black hole.
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Appendix A: functions
The functions introduced in (16)–(19) have the following form:
12
P1 = 2rΣ(cos 2θ + 3)
(−2a2M sin2 θ + a2r + r3)+ 8a2Mr3 sin2 θ(cos 2θ + 3) (A1)
−Σ2 ((a2 + 3r2) cos 2θ + 3a2 + r2)
P2 = a2Mr(3 cos 2θ + 1)− 2
(
a2 + r2
)
Σ (A2)
P3 = 2a2Mr sin2 θ − 4a2Mr +R (A3)
P4 = a2MΣ sin2 θ − 2a2Mr2 sin2 θ − 4a2Mr2 − 2a2MΣ + rΣ2 (A4)
N1 =
MF1
(
3 cos2 θ − 1) (1− 2M/r)
R
(−2r(cos 2θ + 3)Σ (−2a2M sin2 θ + a2r + r3) (A5)
−8a2Mr3 sin2 θ(cos 2θ + 3) + Σ2 ((a2 + 3r2) cos 2θ + 3a2 + r2))
N2 =
∆F1MΣ
2(cos 2θ + 3)(3 cos 2θ + 1)
(
2r2 − Σ)
4R (1− 2M/r) (A6)
N3 =
F1M
2
(
2r2Σ
(−18M2 − 8Mr + 7r2)+ r cos 2θ (2rΣ (r2 − 6M2)+ 8Mr3(2M − r) + Σ2(4M − r)) (A7)
+24Mr4(2M − r) + 7rΣ2(4M − r)− 4Σ3)+ (1− 2M/r)
r
(
F2M sin
2 θ(2M − r) (8a2Mr3 sin2 θ
−16a2Mr3 + 2r2Σ (a2 + r2)+ Σ2(a− r)(a+ r))+MrΣF ′2 sin2 θ(2M − r) (4a2Mr −R)
+r3F ′1
(
MrΣ
(
sin2 θ(Σ− 2Mr) + 4Mr − 4Σ)+ Σ(r)3))
N4 =
∆F1(cos 2θ + 3)(3 cos 2θ + 1)
(
a2M
(
2r2 − Σ)+ 2rΣ2)
2ΣR (1− 2Mr ) (A8)
N5 =
(3 cos 2θ + 1)
Σ3
(
2a2F1Mr
4
(r − 2M)2
(
rΣ
(−9M2 −Mr + 2r2)+ 6Mr3(2M − r) (A9)
+Mr cos 2θ
(
4Mr2 − 3MΣ− 2r3 + rΣ)+ Σ2(4M − r))− 2a2Mr5ΣF ′1
4M − 2r (Mr cos 2θ + 3Mr − 2Σ)
+rΣRF ′2(r − 2M)
(
4a2Mr −R)+ 2F2(2M − r) (2a4Mr (4Mr3 + Σ (2r2 + Σ))
+a2Mr
(
2r2 − Σ) (2r2Σ−R)− a2Mr cos 2θ (8a2Mr3 +R (Σ− 2r2))− ΣR (R− 2r2Σ)))
K1 = −
F2M sin 2θ(3 cos 2θ + 1)
[
a2Mr(3 cos 2θ + 1)− 2Σ (a2 + r2)]
R (A10)
K2 = F2M(2M − r)
[
a2Mr(28 cos 2θ + 9 cos 4θ − 5)− 4Σ (a2 + r2) (3 cos 2θ − 1)] (A11)
−F1∆Mr
3Σ2(3 cos 2θ + 1)
R − 4F1r
2(2Mr − Σ)(Mr(3 cos 2θ + 5)− 3Σ)
K3 =
F1 sin 2θ(3 cos 2θ + 1)
(
Σ
(
a2 + r2
)−∆Mr) (Σ (a2 + r2)− 4a2Mr cos2 θ)
2ΣR (1− 2Mr ) (A12)
K4 =
4F1a
2M2r5 sin2 θ(9 cos 2θ−1)
2M−r + F2R
[−3a2Mr cos 4θ + cos 2θ (4a2Mr + 6R)+ a2(−M)r − 2R]
2Σ2
(A13)
K5 =
a2Mr sin 2θ
Σ2(2M − r)
[
4F2(r − 2M)
[
a2Mr sin2 θ(9 cos 2θ − 1) + Σ (a2 + r2) (3 cos 2θ − 1)] (A14)
−4F1r3(3 cos 2θ − 1)(2Mr − Σ)
]
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R1 =
BF1 sin 2θ(3 cos 2θ + 1)(1− 2M/r)
√
Σ
∆
(
a2Mr cos 2θ + 3a2Mr −R)
8
√Q (A15)
R2 =
∆2F1Σ
(
3 cos2 θ − 1)
2
√QR (1− 2Mr ) (A16)
R3 =
(
1− 3 cos2 θ) [F1r [2∆Mr3 + Σ2(r − 2M)2 −∆r2Σ] (A17)
−F2∆(r − 2M)
[−a2Mr cos 2θ + a2(Mr + Σ) + Σ (r2 + Σ)]]
R4 =
2F1a
2M2r4Σ2 sin2 θ(1− 9 cos 2θ)
Σ4(1− 2M) −
F2R
Σ4
[
Σ2(R− 3R cos 2θ)− 2a2MrΣ2 sin2 θ(3 cos 2θ + 1)] (A18)
R5 = −4F2a
2M sin 2θ
rΣ2
(
a2Mr sin2 θ(9 cos 2θ − 1) + Σ (a2 + r2) (3 cos 2θ − 1)) (A19)
−4a
2M sin 2θF1r
3
rΣ2(2M − r) (3 cos 2θ − 1)(2Mr − Σ)
D1 =
BF2∆ sin
2 θ
(
1− 3 cos2 θ) [−a2MΣ(cos 2θ + 3) + 2a2Mr2(cos 2θ + 3) + 2rΣ2]
4r2
√QΣ (A20)
D2 =
F1∆
2rΣ
(
1− 3 cos2 θ)
2R(2M − r)√Q (A21)
D3 =
F2∆
(
1− 3 cos2 θ)
r2
√QΣ
[
2a2Mr sin2 θ + Σ
(
a2 + r2 + Σ
)]
(A22)
+
F1r
r3(1− 2M/r)√QΣ
[
∆r2(Σ− 2Mr)− Σ2(r − 2M)2]
D4 =
∆(3 cos 2θ + 1)
Σ3
(A23)
×
[rΣ (4a2M2r5 sin2 θF ′1 +R2(2M − r)F ′2)
4M − 2r −
4a2F1M
2r5 sin2 θ
(
2r2(2M − r) + Σ(r − 3M))
(r − 2M)2
− F2R
[
4a2Mr3 sin2 θ + Σ
(
a2Mr cos 2θ + a2(−M)r − 2r2Σ +R)]]
D5 =
2a2Mr(3 cos 2θ + 1)
Σ3(r − 2M)2
[
F1r
3
(
Σ
(
12M2r + Σ(r − 4M)− 2r3)+ 8Mr3(r − 2M)) (A24)
−(2M − r) (F2(2M − r) (8a2Mr3 sin2 θ + 2r2Σ (a2 + r2)+ Σ2(a− r)(a+ r))
+rΣ
(
r3F ′1(Σ− 2Mr) +RF ′2(r − 2M)
))]
where F ′1 with F
′
2 are derivatives of the functions over r.
